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Abstract. We consider the Cauchy problem of the fifth-order equation arising from the 
Korteweg-de Vries (KdV) hierarchy 

{dtu + d x u + cid x ud 2 u + c-zud^u = x, t £ R 
u(0,x) = u (x) u eH s {R) 

We prove a priori bound of solutions for H a (R) with s > | and the local well-posedness for 
s > 2. 

The method is a short time X B ' b space, which is first developed by Ionescu-Kenig-Tataru [11] 
in the context of the KP-I equation. In addition, we use a weight on localized X s ' b structures 
to reduce the contribution of high-low frequency interaction where the low frequency has 
large modulation. 

As an immediate result from a conservation law, we have the fifth-order equation in the 
KdV hierarchy, 

d t u - dlu ~ 30u 2 d x u + 2Qd x udlu + 10ud x u = 
is globally well-posed in the energy space H 2 . 
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1. Introduction 



We consider the Cauchy problem for the fifth-order KdV equation 



< 



dtu + d x u + c\d x ud x u + c%ud^.u = 
u(0,x) = u (x) u eH s (R) 



x,teR 



(1.1) 



The fifth-order KdV type equation (jl.ip generalizes the second equation appearing in the 
KdV hierarchy: 



Due to the theory of complete integrability, the KdV equation and the higher-order equations 
in the hierarchy are solved via the scattering and the inverse scattering methods at least for 
regular and well-decaying initial data. Moreover, they enjoy infinitely many conservation 
laws. However, the theory of complete integrability is rigid so that one cannot apply to non- 
integrable equations. For instance, if one slightly change a coefficient of the equation, then 
the inverse scattering transform does not work. We note that there are some other physical 
background of the equation (11. 1ft such as higher-order water wave models, a lattice of an 
harmonic oscillators. See [19 for further discussion. 

The purpose of this article is to study the Cauchy problem for Sobolev initial data with low 
regularity in analytic manner. Previously, Ponce [19] showed (II. ID is locally well-posed for 
s > 4. Later, the third author [17] improved the local well-posedness for s > |. Both works 
are based on the energy method and local and global smoothing estimates from dispersive 
effects. Furthermore, in |17j . it is shown that the flow map fails to be uniformly continuous 
on a bounded set of initial data for any s6t. So, the Picard iteration method cannot apply 
and such a less perturbative way is necessary^ This is a sharp contrast to the KdV equation, 
which is solved via the Picard iteration [15J. The issue is a strong low-high frequencies 
interaction in the nonlinearity. Since the quadratic nonlinearity has too many derivatives, 
they cannot be overcome by the dispersive effect of linear part. As a result the equation 
shows a quasilinear dynamics. This type of phenomenon is observed in other equations, such 
as the Benjamin-Ono equation and the KP-I equation. Now we state our main results: 

Theorem 1.1. (a) Let s > 5/4, R > 0. For any u G B R = {/ G H°° : \\f\\ H - < R}, there 
exists a time T = T(R) > and a unique solution u = S^(uo) G C([—T,T],H°°) to the 
fifth- order KdV equation (jl.ip . In addition, for any a > 5/4 



d t u - dl 



u — 30ti 



2 d x u + 20d x udlu + lOuSgu = 0. 



(1.2) 



sup ||#r > fao)(£)||-ff<r - C '( T ' CT ' IKII#<0- 

| t |<T 



(1.3) 



If one consider a weighted Sobolev spaces, then Picard iteration may work. See, for example, [14] . 
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(b) Let s > 2. The map : Br — > C([—T,T],H°°) extends uniquely to continuous 
mapping 

S T :{f£H s : \\f\\ H . < R} -+ C([-T,T], H s ). 

We have a priori bound of solutions for H S (M) with s > |, while the well-posedness holds 
for s > 2. For the proof of the theorem, we use X s,b type structure in a short time interval 
depending on frequencies. This is first developed by Ionescu, Kenig, and Tataru [TT] in the 
context of KP-I equation, see [1] for a similar idea and |16j in the setting of Strichartz norms. 
The method is a combination of modified Bourgain's X s,b space and the energy method. 

First, observe that the bilinear X s ' 6 -estimates (Hitfxxxllx 8 . 6 - 1 ^ INIx 8 * 6 IMIx". 6 ) ^ aus i n 
usual X s,b for any s, and the difficult term is the high-low interaction component with very 
low frequency of the following type 

[P<qU) ■ (PhighVxxx) 

where the low frequency is very small such that these interactions have a small resonance 
and coherence. But if one use X s,b structure for a short time interval (~ (frequency) 2 ), 
the contribution of high frequency and low modulation is reduced so that we can prove the 
bilinear estimate (See Remark 12. 3p . 

To compensate this short-time estimates, we need an energy-type estimates. In fact, we 
could not close the energy estimate solely using Ionescu-Kenig-Tataru's method. The enemy 
is the high-low interactions where the low frequency component has the largest modulation. 
In [9], the first author et. al. used a weight that was first used in [10] to strengthen esti- 
mates for this interaction. It turns out that we have to use the weight differently on low and 
high frequencies. (See (|2.ip ) Intuitively, we put more modulation regularity for the low fre- 
quency component P<qu. Then this helps improving the high-low interaction and the energy 
estimates. 

The trade-off of using such a weight is to worsen the high — high — > low interactions in 
the nonlinear estimates 

P<a{Phigh,U ■ PhighV XXX J- 

Fortunately, after rewriting the nonlinear term in the divergence form c\d x ud\u + C2ud^.u = 
d l d x {d x ud x u) + c' 2 dx(ud x u), we are able to choose a weight to balance both purposes. 

Around the time when we completed this work, we learned Kenig and Pilod |13] have 
worked on the same problem with a similar idea an obtained the same result. They used the 
short-time X s,b structure and the modified energy method. The modified energy is an energy 
norm with cubic correctional terms that make a cancellation and so improve the energy 
bound. 

There are many works on similar types of higher-order dispersive equations. For instance, 
the Kawahara equation, which is the fifth-order equation with nonlinearity uu x PQ and the 
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fifth-order equation in the modified KdV hierarchy, which has the cubic nonlinearities such 
|18| . As opposed to (II. ip . the dynamics of these equations are semi-linear in the 
sense that the flow map is locally Lipschitz continuous and so solved via the Picard iteration, 
since nonlinear feedback of these equations are weaker. 

Combined with the second conservation law in the KdV hierarchy, 

H 2 (u) = J^(d 2 xU ) 2 -5ud x (u 2 ) + ^u 4 dx, 

we can obtain the global well-posedness for the equation (jl.2p . 

Corollary 1.2. The Cauchy problem (|1.2j) is globally well-posed in H 2 . @ 

The paper is organized as follows: In Section 2, we present notations and define function 
spaces. In Section 3 and 4, we prove the bilinear estimates, the energy estimates. In Section 
5, we sketch the proof of well-posedness. We collect the proofs for known propositions in the 
appendix for convenience of readers. 

Acknowledgement. We appreciate Didier Pilod for pointing out error in the first draft. 
Z.G. is partially supported by NNSF of China (No. 11001003) and RFDP of China (No. 
20110001120111). C.K. is partially supported by NRF (Korea) grant 2010-0024017. S.K. is 
partially supported by TJ Park science fellowship and NRF(Korea) grant 2010-0024017. 

2. Notations and Definitions 

For x, y G M + , x < y means that there exists C > such that x < Cy. And x ~ y means 
x < y and y < x. Let ai, a>2, G K. The quantities a max > a me d > a m i n can be conveniently 
defined to be the maximum, median and minimum values of 01,02,03 respectively. 

For / G S' we denote by / or J-(f) the Fourier transform of / with respect to both spatial 
and time variables, 

/(£,r)= / e~^e- ltT f(x,t)dxdt. 

Moreover, we use T x and Tt to denote the Fourier transform with respect to space and time 
variable respectively. Let Z + = Zn [0,oo]. Let J< = {£ : |f| < 3/2}, 7< = {£ : |f| < 2}. 
For k G Z>o let Ik and Ik be dyadic intervals with Ik C Ik- More precisely Ik = {£, '■ |£| £ 
[(3/4) • 2\ (3/2) • 2 fc ]},7 fe = {£ : |£l G [2 k ~ 1 ,2 k + 1 ]}. 

Let 770 : M. — > [0, 1] denote a smooth bump function supported in [—2, 2] and equal to 1 
in [-1,1]. For k G Z, let X k(0 = %(£/2 fc ) - %(£/2 fc-1 ), which is supported in : |f| G 
[2 fe -\2 fc+1 ]}, and 

X[kiM] = Yl Xk for any kl - k2 e Z - 
fc=fci 

2 (|1.2p have an additional cubic term. The nonlinear estimate and the energy estimate for this term are 
essentially easier. Thus, we only sketch the proof. See Remark 13.91 and 14.31 
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For simplicity, let rjk = Xk if k > 1 and rj). = if k < — 1. Also, for fci < £;2 G Z let 

r ?[fcl,fc 2 ] = X] % aIld ^ fe 2 = % ' 
k = kl fc=— oo 

{Xfcjfcez is the homogeneous decomposition function sequence and {r]k}kez+ is the inhomo- 
geneous decomposition function sequence to the frequence space. For k & Z let P*. denote 
the operators on L 2 (R) defined by Pku{^) = (£)&(£). By a slight abuse of notation we 
also denned the operators P/t on L 2 {W x M) by formulas T(Pku)(^, r) = lj fc (^)J r (u)(^, r). For 
I G Z let 

fc<« fc>Z 

For G Z + let 

Afej = {(5,r)eKxK:ee4,r- G I/}, = Uj^Z^j. 

For £ G K, let 

w(0 = -f, 

which is the dispersion relation associated to the equation (jl.ip . For <j) £ -^ 2 (R) 5 let W(i)</> G 
C(M : L 2 ) be the linear solution given by 

We introduce that X s ' b norm associated to Eq. (jl.ip which is given by 

hWxs* = ||(t — w(^)) 6 (^) s J c "(ii)|| jL2(IR 2 ) , 

where ( • } = (1 + | • |). The space X s,b turns out to be very useful in the study of low-regularity 
theory for the dispersive equations. These space were used systematically to study nonlinear 
dispersive wave problems by Bourgain [2j and used by Kenig, Ponce and Vega [15] and Tao 
|20| . Klainerman and Machedon |12j used similar ideas in their study of the nonlinear wave 
equation. We denote the space by Xt localized to the interval [—T,T]. 

For k G Z+, we define the weighted X s '2' 1 -type space X^ for frequency localized functions 
fk, 



Xk 

where 



/ G L 2 (M 2 ) : /(£, t) is supported in I k x R (J< x R if k = 0) 
and := £°1 V /2 PkjH(r - w($) ■ /(£, r)^ < oo 



/ 2 J '/ 2 , fc = 0, 

^ l l + 2 W- 5fe )/ 8 , fc>L (2 ' 1} 
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Remark 2.1. We choose a parameter | in the weight. In fact, we can choose any parameter 
from 1/8 to 3/16. But this change will not affect our result since the weight helps to reduce 
only the low-high interactions where the low frequency part has large modulation. 

As in |11| at frequency 2 k we will use the X 11 '^' 1 structure given by the X k norm, uniformly 
on the 2~ 2k time scale. For k G Z + , we define function spaces 



F, 



/(£, r) is supported in 4 x 1 (I< x E if k = 0) 



3C 



/ G L 2 (M. 2 ) 

and \\f\\ Fk = sup ||^[/-r ?0 (2 2fe (i-t fe ))]|| Xfc < 

t fc eM 

/ G L 2 (M 2 ) : /(£, r) is supported in 7 fe x R (7< x E if k = 0) and 



sup || (r - w (0 + i2 2fe )-^[/ • r?o(2 2fe (t - t fc ))]||x fc < oo 



t fe Gl 



Since the spaces F k and iVfc are defined on the whole line, we define then local versions of the 
spaces in standard ways. For T G (0, 1] we define the normed spaces 



F k (T) ={f G C([-T,T] : L 2 ) : \\f\\ Fk{T) = _ inf 

/=/ m Rx[-T,T] 



N k }- 



N k (T) ={f G C([-T,T] : L 2 ) : ||/|U fc(T) = _ inf 

/=/ m Rx[-T,T] 

We assemble these dyadic spaces in a Littlewood-Paley manner. For s > and T G (0, 1], we 
define function spaces solutions and nonlinear terms: 



F S (T) 



N S (T) 



u : it 



|2 

\F B (T) 



J22 2sk \\P k (u)\\ 2 Fk[T) + \\P<o(u)\\ 2 Fo{T) < oo 



k=l 
oo 



u : u 



N»(T) 



N k (T) 



+ l|P<o(« 



<0WlljV (T) 



< OO 



k=l 



We define the dyadic energy space as follows: For s > and u G C([— T, T] : 

|2 



lES(T) = ||P< («(0))||i 2 + Y, SU P 2 2sfc ||P fc Kt fc ))||| 2 . 



These / x -type X s,b structures were first introduced in [23] and used in (THl El EU E] . The 
weighted / 1 -type X s,b structures in here were used in [9]. 

Lemma 2.2 (Properties of X k ). Let k,l G Z + with I < 5k and f k G X k . Then 



+ 2 l/2 



»7i(r-w(0) / |/ fc (e,r')|2-'(l + 2-'|r-r / |)- 4 dr 



»7<l(T-w(e)) / |/ fc (e,r')|2- i (l + 2^|r-r'|)- 4 (ir' 



< 



L- 



IIM 



(2.2) 



A,- 



L 2 
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In particular, if to EM and 7 G S (K) , i/ien 
Proof. It follows directly from the definition that 



< 



\\fk\\x k - 



(2.3) 



(2.4) 



First, assume k > 1. For the second term on the left-hand side of (I2.2p . it follows from 
Cauchy-Schwarz inequality and (|2,4p that 



2 V2 ri^T-wiO) f \f k (Z,T>)\2- l (l + 2- l \T-T'\)- 4 dT' 



L 2 



< 



\fk^r')\dr' 



< II f II 

r^j \\Jk\\ ' 



It remains to control the first term on the left-hand side of (|2.2p . let /&(£, t') = ^j 1>0 /fe j i: 
where /^jj = r ') 7 ?ji ( T ' ~~ For I < j < 5k, we have ~ 1. Thus, we have from 

Cauchy-Schwarz inequality that 



Kj<5k ji>0 



£ £2*/ a [|ifc(r-ti;(0) / / fclil (e,r')2-'(l + 2- i |r-r'|)- 4 ( ir' 



< ^ ^ 2 j, 2 3/_4max< - J,J1 ) 

l<j<5k ji>0 



For the rest term (j > 5k), since £ < 5fc, we get similarly as before that 

^ /2 Pkjh(T-w(£)) [ f Kn {i,r')2~ l (l + 2- l \T-T'\)- A dr' 

V V 2^'2^- 5fe )/ 8 2 3/ - 4max ^) f f Kn (i,r')dr' < ||/, 



5fc<jr'jl>0 



5fc<j ji>0 



Now consider = 0. In this case, we also get the condition I = 0. So, it is relatively simpler 
than k > 1 case. Similarly as before, we have 



££2^|k(T-™(£)) / /o^rOa + lr-r'D-W 



j>0ji>0 



L 2 



< ^ ^ 2 3j/2 2 -4ma x (jJi) 
j>0 ji>0 



/ /o^r'K <||/ ||xo- 
Jr L l 



Thus, we complete the proof of the lemma. 
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As in [IT], for any k G Z + we define the set Sk of k — acceptable time multiplication factors 
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Sk = {mk ■■ 



■ \\ m k\\s k =J2 2 2ik W djm kh™ < oo}. 

3=0 



E m k{t) 








E m k(t) 








E m fc(*) 









Direct estimates using the definitions and 112. 3|) show that for any s > and T € (0, 1] 

^ (sup fceZ+ llm^llsj • ||tt||j-.(D; 
£ (sup fcez+ ||m fc || s J • Hulljv-fD; 
Et( Z (su PfceZ+ ||m fc || 5 J • \\u\\ E s(T)- 



(2.5) 



Remark 2.3. ^4s mentioned before, the bilinear estimates do not hold on the standard X s ' b 
spaces: 

\\dx(uv)\\x^»-i £C\\u\\ x .,b\\v\\ x .,b, (2.6) 

due to strong high-low interactions. Indeed, for fixed large frequency N, define the character- 
istic functions supported on the sets: 

A = {(r,0 G R 2 : |r-£ 5 | < 1,N < \£\ < N+l} and B = {(r,0 G M 2 : \r-f\ < 1, |f| < 1}, 

■7»(r,0 = l^(r,0 and T(v)(r, £) = l B (r, 0- 

.By simple calculation, we have LHS = NN S , while RHS = N s , respectively. However, if 
one use the short time X s,b spaces defined above, this low-high interaction counter-example 
is resolved. Concretely, consider the following sets; 



A = {(r, G R 2 : \t - £ 5 | < N 2 , N < |f | < N + N~ 2 } 



and 



B = {(r,0eR 2 :|r-e 5 |<l,|ei<l}- 
And define functions u and v which satisfy 

F(u)(r,Q = l i (T,0 and F(v)(t,0 = 1 § (t,0- 

Computing both side, we have that for any s6t, 

\\d%(uv)\\ N s ~ N'N^N^N^N ~ N S N and \\u\\ F s\\v\\ F s ~ N S N. 

Moreover, this example explains how we choose time length (= (frequency )~ 2 ) on which we 
apply X s,b structures. 
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3. Bilinear estimates 
In this section we show the bilinear estimates. For £i,£ 2 £ let 

tf(a,&) = £i+£ 2 5 -(£i + 6) 5 

be the resonance function, which plays an crucial role in the bilinear X s ' b -type estimates. For 
compactly supported functions f,g,h G L 2 (IR 2 ), we define 

J(f,9,h) = [ /(£i,T 1 ) 5 (6,T 2 )M6+6,Ti + ^ + i7(ei ) 6))^l^2dT 1 r 2 . 
By simple changes of variables in the integration, we have 

W,9,h)\ = \J(g,f,h)\ = \J(f,h,g)\ = \J(f,g,h)\, 
where /(£,t) = /(-£,-t). 

Lemma 3.1. Let ki E %>,ji G Z + ,i = 1,2,3. Let fk t ,ji G F 2 (M x K) 6e nonnegative functions 
supported in [2 ki ~ 1 , 2 ki+1 ] x 

faj For any k\,k2,k^ G Z uni/i |/c ma:r — fe m j n | < 5 and j\, 32,33 G Z +; i/ien we Ziawe 

3 

J{fk uh ,h 2 ,n,fk 3 , j3 ) < 2^«/ 2 2^-/ 4 2-f JJ ||/ fciJi || i2 . (3.1) 

i=i 

(7>J 7/2 femin < 2 fcmed ~ 2 fcmaa: , then for all i = 1,2,3 we We 

J(/faJiJfaW*d.);$2&+*^ (3.2) 

8=1 

(cj For any fci , A; 2 } &3 £Z and ji , j 2 , j'3 G Z + , i/ien we /iaue 

3 

Afki,nJk*,nJk 3 ,n) < V min /2 2 fe — /2 \{ Wfk^h*- (3-3) 

i=l 

Lemma 13.11 is obtained in a similar way to Tao's (|20j. Proposition 6.1) in the context of 
the KdV equation. For the fifth-order equation, it was first shown by Chen, Li, Miao and 
Wu [5]. But there was error in the high-high — > high case and was corrected in [3]. See [3] 
for the proof. We rewrite the lemma in the following form: 

Corollary 3.2. Assume ki G Z,jj G Z + ,z = 1,2,3 and fk t ,ji £ F 2 (M x R) be functions 
supported in Dk u j v i = 1,2. 

(a) For any fci,A; 2 , &3 G Z wzf/i |A; m ax — ^minl < 5 and 31,32,33 G Z +; i/ien we /mwe 

2 

l|lD fc3J . 3 (£,r)(/ fclJl */ te)i2 )|| i2 < 2^/ 2 2^/ 4 2-! fc — nil/^H^ 2 - ( 3 - 4 ) 

i=l 
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(b) If 2 kmin < 2 kmed ~ 2 kmax , then for all i = 1,2,3 we have 



2 

nD k3tj3 (^T)(f kujl * f k2 , j2 )\\ L , < 2 ^+^+i3)/2 2 -3^/2 2 -( fe ,+i i )/2 "Q ||/ fcii .J i2 . (3.5) 

i=l 

fcj For any ki,k 2l k 3 GZ and ji , j2 j J3 £ Z + > ^en we /iav e 

2 
i=l 

Remark 3.3. If the assumption is replaced by f ki j is supported in I ki x I<j (D kit <j) for 
ki,k 2 , k% € Z + , i/ien pari faj and (c,) o/ Lemma (and of Corollary also hold. In 
addition, if k m i n ^ 0, then part (b) holds, else if k m i n = 0, part (b) holds for i € {1,2,3} 
with ki ^ 0. See [7J for the proof. 

Proposition 3.4 (high-low =>■ high). Zei £3 > 20, \k 2 — k%\ < 4, < k\ < k 2 — 10, freen we 
aawe 

\\P k3 dl{u kl v k2 )\\ Nk3 + \\Pk 3 (u kl d%v k2 )\\ Nk3 < \\u kl \\ Fki \\v k2 \\ Fk2 . (3.7) 

Proof. First, we observe that each term of the left-hand side of (|3.7p has the same bound 
since 2 k2 ~ 2 k:) . From the definition, the left-hand side of (I3.7P is bounded by 



sup ||(r - w(0 + i2^)- 1 2 sk n Ik3 (0T[u kim ^ 2k3 -\t - t k ))} * F[v k2m (2 2k ^\t ~ t k ))]\\x kz ■ 

(3.8) 

Set f kl = P[u kl 7] (2 2k: ^ 2 (t-t k ))} and f ki = P[v k2 r] {2 2k ^- 2 {t - t k ))\. We decompose f k . into 
modulation dyadic pieces as f^j^, t) = T ) r /j i (t — £ 5 ), i = l,2, with usual modification 
/fci, <?'(£> T ) = f ki (£,,T)rj<j(T — £ 5 ). Then (|3.8p is bounded and reduced by 

sup2*( £ + E)^fe E lll^-^^*/^.)^ :=/ + //• (3.9) 

fc 0<j 3 <5fc 3 J3>5fc 3 V ' ' 3i,i2>2fe 3 

For the term /, by Corollary 13.21 (b) we get 

/<sup2 3fc 3 2»'3/ 2 2- nM *«3,2fcs) £ 2^/22^/22-2^11^^11^11^^11^ 

tfeSK 0<j 3 <5fc 3 JiJ2>2fc 3 

< sup £ 2 J1 / 2 2 j2 / 2 ||/ fclJ J| L 2||/ fc2 j 2 || L 2<||n A;i || Ffci ||w fc2 || Ffc2 . 

* feeR Jl,i2>2fc 3 
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The last inequality comes from the definition of X^-norm and (2.4) in |7j. More precisely, 
E 2n/2 \\fkunh* < £ 2^/2 ^(r-o;^)) / \f kl (C,r')\ • 2" 2fc »(l + 2 - 2 *»|r - r'lrW 



ii>2fc 3 ii>2fc 3 



L 2 



+ 2 ( 2fc 3)/ 2 



^<2 fc3 (r-u;(e)) / |/ fcl (e,r')|2- 2 ^(l + 2- 2fc 3| T - T '|)-W 



L 2 



<\\F[u kim (? kl (t-tk))]\\x kl 

^ IKilliV 

where f kl = J 7 [uk 1 r]o(2 2kl (t — tfc))], and by same method, we have 

E 2i2/2 ll/^lb £ IKK- 

j 2 >2k 3 

This computation shows why we only consider the reduction form (|3.9p and will be used 
repeatedly in this and next sections. 

For the term II, by the support properties, we have ^-D ha j3 • (fk 1 ,j 1 * /fc 2 ,j 2 ) = unless 

2 .w ^ m ax(2 jmeti , \H\), (3.10) 

where \H\ ~ |£ maa ;| 4 |6un.| and |£ mQa; | = max(|6|, [6|, 16+61), I6nm| = min(|6|, |61, 16+61)- 
Since in this case \H\ <C 2 5fca , then max(ji,j2) > 5/c3 — 4. By Corollary 13.21 (c) we get 

//<SUp2 3fc 3 Y, ^ 2 ^, : ,,,2 - E 2^/2 2 ^/2 2 -5 fc 3/2 2fcl /2 ||/fciji||L2||/fc2j2||L2 
fc£ J3>5fc3 il,j2>2fc3 

< sup E 2Jl/22J2/2 |IA 1 j 1 ||L2||/ fc2ii2 || L 2<||-u fcl || Ffci ||t; fc2 || Ffc2 . 
* fteM ii,i2>2fc 3 

Thus we finish the proof. □ 
Proposition 3.5 (high-high => high). Let > 20, l&i — fe 2 |) |& 2 — &3| < 4, i/ien we /iGroe 

ll^fea^Ki ^fc 2 )lliV fc 3 + ||flfcs(^«fci«*3)||jv* 3 ^ 2-1^11^11^11^11^. (3.11) 

Proof. As in the proof of Proposition 13.41 both terms of the left-hand side of (|3.1ip are 
bounded by 

sup 2 3fc3 E 2 j3/2 A 3 ,j 3 E 'I ( 2J3 + / ' 2 ' i, ' i ) ' '^,. M • (fkuh * /fca ,^2) Hi, 2 - (3-12) 

tfeSK j3 > j!,j 2 >0 

We may assume 2- ?maa: ~ 2 5fcs , otherwise it is easier to handle in view of ([3TT0D and |JET| ~ 2 5k * . 
Then by Corollary O (a) and (H2|) we get 

©H2J< sup 2 3fc3 E 2-?' 3 / 2 2~ m ax (j 3 ,2fc 3 ) 2 j mi „/2 2 i med /4 2 -3fc 3 /4 1 [ ^.^ 1 1 ^ 2 1 1 ^ 2 1 1 ^ 2 

tkeR |j 3 -5fc 3 |<5ji,J2>2fc 3 

<2- 3h ^u kl \\ Fki \\v k2 \\ Fk2 , 
and hence finish the proof of the proposition. □ 
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Proposition 3.6 (high-high => low), (a) Let k 2 >20, \ki — k 2 \ < 4, 1 < k 3 < k 2 - 10, then 
we have 

\\ p k 3 dx(d%u kl v k2 )\\ Nk3 + \\Pk 3 d x (d x u kl d x v k2 )\\ Nk3 

< 2 ( fc2 -,a)/ 2(2fc2 / 2 -2 fc 3 +2-1^)11^11^11^11^. 



fe 3 

(3.13) 



f&J Let k 2 > 20, |fci — &2I < 4, /C3 = 0, i/ien we have 

\\Pk a d x (dlu kl v k2 )\\ Nk3 + \\Pk 3 d x (d x u kl d x v k2 )\\ Nks <2 2kl \\u kl \\ Fk Jv k2 y k2 . (3.14) 

Proof, (a) Since k% < k 2 — 10, we observe that the first term is dominated by other terms. By 
the definition of X ki and N ks one take X ' ^-structure on time intervals of length 2~ 2ka , while 
\\u kl ||_p fci and \\v k2 \\F k2 are taken in smaller intervals of length 2~ 2k2 . We make a partition of 
intervals of length 2~ 2ki . Let 7 : R — > [0, 1] denote a smooth function supported in [—1, 1] 
with Xlmez T 2 ( s — m) = 1. The left-hand side of f|3. 13|) is dominated by 

C su P 2 fc3 2 2 M|(T - w(0 + i2 2fc3 )- 1 l /fc 



P[u kim (2 2k3 (t-t k )h(2 2k Ht-t k )-m)] (315) 

|m|<C2 2fc 2-2fe3 

* JKrj (2*(f - t fc )) 7 (2 2fc2 (t - t k ) - m)\ 

As in the proof of Proposition 13.41 f|3. 15|) dominated by 
2 k 32 2k 2 £ ^3/2^.^-2*3 £ ||(r-u;(0+i2 2fc3 )- 1 l I)fe3 ^.(/ fclJ1 */ fc2J2 )|| L2 (3.16) 

J3>2k 3 ii,j2>2fc 2 

By Corollary 13.21 (b), we have 

J3>2fc3 Jl,j 2 >2fc 2 

If 2 J3 ~ 2- 7maa: , take = j 3 . Then by the support property (I3.10j) . we get 

jl J2>2fc 2 

< o fc 2-|fc3 V 2 (.h+h)/2\\ f . || r9 ||f, . || r „ 
~ Z ll/fci,JillL 2 ll/fc 2 j 2 |lL 2 - 

ii ,h>2k 2 

Otherwise, since j'3 < 4&2 + ks — 10, ()3.16p can be rewritten 

2 4 fc2 - fe3 £ £ 2-i3/ 2 A3j3 2^^^)/2 2 -3 fe2 /2 2 -( fci+i ,)/ 2||/fci] . i||L2||/fc ^ 

2fc 3 <j3<4fe 2 +fc 3 -10ji,i 2 >2fc2 
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Take ji = j max . Then 

(I3T5]) < 2 4fc2 ~ fc3 Yl 2( fc2 - fc3 )/ 2 2( J ' 1+J2 )/ 2 2- 3fc2 / 2 2- fc2 / 2 2- J — / 2 |[/ felJ J[ L 2||/ fc2j2 || i2 
ji,i2>2fc 2 

< 2 (, 2 - fc 3)/2 2 -| fc3 y: 2^^)/ 2 ii/ fel ,, 1 ii L2 |i/ fc2 ,, 2 ii L2 . 

ii j 2 >2fc 2 



(b) The left-hand side of ()3.14j) is dominated by 

C su P 2 2fc2 £(r - + i) _1 l/ • ^K%(t - t k )\ * T[v k2 rio(t ~ t k )] 

tfeGK 

We decompose further the low frequency, then 



X 



(3.17) 



(ra><£ su P 2 M E + E + E 22fc22 " J3 



KO 



K j 3 <ik 2 +l-5 j 3 >4fc 2 +/+5 |j 3 -4fc2-Z|<5y 



Xo 



I + 11 + III. 



Prom the support property (13. 10H . the first case includes j'3 = j m i n and j'3 = j m ed with 
2imed <^ 2- ?maa: ~ \H\ cases, and we regard the second one as 2 J3 = 2- 7m < 1 * ~ 2- ?med > \H\ case. 
The last term is regarded as j'3 = j max with 2- j3 ~ \H\ case. 
For /, 1/ cases, we use same argument to f)3. 15|) : 

/<2 4fc2 ^2' Y, 2 " ' E HlA*-(/*Ui*/fa*)llL». 

KO i 3 <4A: 2 +«-5 h,h>2k 2 

and 

IJ <2« 2 ^2' £ E lllAj.-C/fciJi*/^)^- 

KO i 3 >4fc 2 +«+5 jl,h>2k 2 

First, we consider /. 

From Corollary 13.21 (b) , we estimate that 

/ < £2'2 4fc2 £ £ 2^/ 2 /3 0j3 2^ 2 ^^ 

KO i 3 <4fc 2 +i-5 ji,j 2 >2k 2 

Since /3oj 3 = 2- 73//2 , by taking jj = j maa; and performing j'3 summation, we have 

/ < 2 4fc2 ^2' ^ ^ 2^ 3 / 2 2^^ 2 )/ 2 2- 2fe2 2^—/ 2 ||A 1J1 || i2 ||/ fc2j2 || L2 

KO j S <ik 2 +l-5 h,j 2 >2k 2 

< 2 2 fc2 ^ 2 . 2 -(4 fc2+0 /2 £ £ 2^ 3 / 2 2^+^)/ 2 ||/ fcl ,, 1 || L2 ||/ fc2j2 || L2 

KO is<4fc 2 +«-5 h,j 2 >2k 2 

< 2 2k 2 ^ 2 i £ 2^+^)/ 2 ||/ fclJ1 || L2 ||/ fc2 ,, 2 || L2 

KO ji,j 2 >2k 2 



<2 2fc2 |K|| Ffc jK| 
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Now, we consider II. 

In this case, since 2^ max ~ 2- ?med , we estimate from Corollary 13.21 (c) that 
II < 2 4fc2 21 E E 2 ~ i8/2 A), i3 2^^/ 2 2'/ 2 2^/ 2 2-W2|| /fcij ^ || L2 || /fc2j2 || L2 

KO j 3 >4fc 2 +Z+5 ji,j 2 >2fc 2 
< 2 4 fc2 J- 2 / J- £ 2 , mln /2 2 //2 2W / 22 - W / 2 || /fciji || L2 || /fc2j2 || L2 

KO j3>4fc2+J+5 jija>2fea 
< 2 4fe^ 2 / £ £ 2^/22^/2^22^/211^^11^11^^11^ 

KO j3>4*2+J+5jl,i2>2fc2 

< 2 4 fc2 ^ 2 / 2 -(4 fc2+0/22 V2 £ 2^+^)/ 2 ||/ fclJ1 || L2 ||/ fe2j2 || i2 

KO ii,j 2 >2fc 2 
<2 2fc2 ||n fcl || Ffc J|t; fc2 || Ffe2 . 

For the rest term JiT, we get from Plancherel's identity and X^. embedding that 



(inZJ< E SU P 2 ' 2 ^ 2 l|f|~2^K%(i - t k )] * -Fk. 2 %(i - **)] 



ko tkeR 
< sup 2 2fc2 



L 2 



u kl Vo(t ~ h) ■ v k2 Vo(t - t k ) <2 2k2 \\u kl || L? o L2 \\v k2 \\ L? o L 2 



< SUp 2 2k *\\u k M2 2kl (t-tkML r Ll\\VkM2 2k Ht-tk 2 
tfc 1 *fc 2 €K 



<2 2fc2 || Ufel || Ffci ||^ 2 || Fj 



&2 - 



□ 



Proposition 3.7 (low-low low). let < ^1,^2,^3 < 200, i/ien we /iaue 

\\ p k a d^.(u kl v k2 )\\ Nk3 + ||P fc3 (^-Ufc^fcJIIiVfeg < \\u kl \\F kl \\vk 2 \\F k2 (3.18) 

Proof. As in the proof of Proposition 13.51 use (I3.4p . then we can get (13.18p . □ 

As a conclusion to this section we prove the bilinear estimates, using the dyadic bilinear 
estimates obtained above. 

Proposition 3.8. (a) Ifs>l,Te (0, 1], and u,v G F S (T) then 

\\d x {d x ud x v)\\ N s {T) + \\d x {dluv)\\ N s (T) + \\d x (ud%v)\\ N s(T) 

<\\u\\ F i(T)\\v\\ F s(T) + |M| Fs(T )|M| F i (T) . (3.19) 

(b) IfT e (0, 1], u G F°(T) and v G F 2 (T), i/ien 

11^(^^77)11^0^) + \\d x (dluv)\\ N o {T) + ||9 :r ('u9 2 ?;)|| iV o( T) <||«|| F o( T) ||'i;|| i r2( T) . (3.20) 

Proof. The proof follows from the dyadic bilinear estimates and Young's inequality. See [7J 

for a similar proof. □ 
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Remark 3.9. The equation (|1.2p has an additional term v?u x . To prove Corollary M.B. we 
need to show the nonlinear estimate for this cubic term. In fact, this term is much easier 
to handle. In view of the proof of each Lemma, one need to use I? estimate twice, and it is 
enough to contorl 

2 j/2 ||i Dfcj . • (f kujl * fk 2 ,j 2 )h2. 

j>2k 

Indeed, since there is no derivative, we get from the block estimates that 

y /2 \\lD k , ■ (f kl ,n * fk 2 ,n)h* < 2 2fcl+ ^||n 1 || Ffci \\u 2 \\ Fk2 , (3.21) 

j>2k 

which implies 

\\d x (uiU 2 U3)\\ N 2 < ||«l||ir2||tt2||i?2||tt 3 ||j.2. 

Moreover, we also get 

\\d x {u 2 v)\\ N o < \\u\\ 2 N0 \\v\\ N 2. 



4. Energy estimates 

In this section we prove the energy estimates, following the idea in [11J . We introduce a 
new Littlewood-Paley decomposition with smooth cut-offs. With 

Xk(0 = Vo(Z/2 k )-Vo(Z/2 k - 1 ), keZ. 

Let P k denote the operator on L 2 (M) defined by the Fourier multiplier Xk(Q- Assume that 
u,v G C([-T,T]-L 2 ) and 



d t u + dlu = v, (x, t) G R x (-T, T) 
u(0, x) = uo(x) 

Then we multiply by u and integrate to conclude that 

sup ||u(tfe)|| 2 2 < [|ito Ili,2 + sup / u ■ vdxdt 

\t k \<T ' \t k \<T JRx[0,t k ] 

Lemma 4.1. Let T G (0, 1] and k±, k 2 , k$ G Z + . 

(a) Assume \k max — k m i n \ < 5 and U; t G Fkt(T),i = 1,2,3. Then 

3 



u\u 2 u^dxdt 



Rx[0,T] 



< 2 - 4 k max Y[\\ui\\ Fkt 



(T) 



4=1 



(b) Assume k max > 10, 2 fe ™ < 2 k ™ d ~ 2 k ™«* and m G F ki (T),i = 1,2,3. Then 

3 

u lU2 u 3 dxdt < 2- 2k ™*-^ k ™ Yl \\ u i\\F h .(T) 



x[0,T] 



(4.1) 



(4.2) 



(4.3) 



(4.4) 



i=l 



1(5 
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(c) Assume k\ < k — 10. Then 



I 

J 3. 



x [0,T] 



<2^\\P kl v\\ Fki{T) W p k'( u ) 



(4.5) 



|fc'-fc|<10 



(d) Under the same condition as in (c), we have 



x [0,T] 



Pk(u)Pk(9x u ■ Pk 1 d x v)dxdt 



<2^\\P kl v\\ Fki{T) £ W P k'^)\\ 2 F k ,(T) (4-6) 

|fc'-fc|<10 



Proof. For (a) and (b), we may assume that k\ < hi < k% by symmetry. We fix extensions 
Si G F kt so that H^Hi^. < 2||^||jr fc .(t)>^ = 1,2,3. Let 7 : E — > [0, 1] be a smooth partition of 
unity function (i.e. supp 7 C [—1, 1] and ^ ng z7 3 ( x — n) = 1, x £ M). The left-hand side of 
(|43|) and (031) is bounded by 

C V I / ( 7 (2 2fc3 t - n)l [0 ,ri(t)5ti) • (l(2 2k H - n)u 2 ) ■ (j(2 2k H - n)u 3 )dxdt (4.7) 

Set A = {n : j(2 2k:i t — n)lr 0) y](t) non-zero and 7^ ^(2 2k '-H — n)}. Then one observe \A\ < 4. 

(a) First consider the summation over n € A c . let f%. = J-{~j(2 2k3 t — n)ui) and /j^ j 4 = 
rjj i (r — C 5 )fki, i = 1,2, 3. By Parseval's formula and (|2,2p . we have 



47D< sup 2 2fe * \ J Uk uh ,fk,,n,fk 3 ,n)\- 



(4.8) 



jl,j2,j3>0 



By (|2.2p and the support properties (|3.10p we may assume j\,j2,h > 2/c 3 , 2 Jmaa: ~ 2 5fc3 . Then 
using Lemma 13. II (a), we get that 

3 

3gJ) < 2 2fc3 2 Jmin / 2 2 Jmed / 4 2 -3fcma:c / 4 j. ||^2 



jlj2,j3>2k 3 
3 



i=l 
3 



< 2 -iw n(2^/ 2 n/ feiJi ii L2 )<2-i fe — n nuiii^ 



8=1 



i=l 



For the summation over n E A, it is easy to handle since |^4| < 4. Indeed, we observe that 
if I C R is an interval, k G Z+, /& € X k , and = J*(l/(t) ■ J^ 1 (fk)) then 



sup 2^1^ -u{i))-f k \\ L ,<\\h\\x k . 



See [7] for the proof. 
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(b) This part is a little trickier to prove. Thus, to overcome a trouble, we will use following 
form, which is different from (14. 7h . and it suffices to prove that 

i f 3 

| / (vo(2 2k H-2 2k ^n)u 1 )( 1 2 (2 2k H-n)u 2 )^^ 

neA c JK 2 i= l 

(4.9) 

Let /i = 7] (t - 2~ 2k3 n)ui and f { = -f(2 2k H - n)ui, i = 2, 3. 

First we consider the case k\ > 1. Similarly, we get (|4.8p and only need to consider the sum 
over n £ j4 c . By Lemma 13.11 (b), the left-hand side of (I4.9P is dominated by 

3 

V ^ 2 2ks 2 ijl+j2+js)/2 2- 3kmax/2 2- {kl+jl)/2 Yl WfktjiWiP- ( 4 -!0) 

ji>2fci j 2 J3>2fc3 i=l 

If ii ^ Jmax, take ji = jmax- Then since 2 k2 ~ 2 fc3 , (|3.10p yields 

em < 2- a *»--i*— n ^ ^ /2 ii/^j i2 <nn^ii^- 

i=l ji>2ki i=l 

If il = imax, take = ji. Then from a similar argument, we get 

3 

il>4fe 3 +fci-5 i=2ji>2k 3 

3 

where we used ft b3l > 2 ( - k3 ~ kl ^ 2 . 

Next we assume k\ = 0. In this case, we only need to consider the sum over n G A c . We 
decompose further the low frequency component /i = J2i<oh,i with = T l^^-Ffi- 
Then 



xdxdt\ 



LHSof dMD<^| I hj-h-f: 

^E|E / f*rf2-f3dxdt\+J2\ E / tiyh-hdxdt 



K0 neA c " KA ^ K0 neA c 

fi \ - „ f5\ tt^ . „„J fH _ £ , fL 



I + 11, 



where = f?<4fc 2 +/-3o(T - £ )Fh,i, and = f lt i - //^. The term 77 is easy to handle 

(high frequency with large modulation). Indeed, 

*<o jij2j3>o 

3 3 
< 2 2fe 3 ^ 2 0'l+i 2 +i3)/2 2 -2 fc22 -max0 2J 3)/2-Q ( || Aij j| L2) < 2 -2fe 2 "Q 

i<0 ji,J2J3>0 i=l i=l 



IN 
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since max(j2, jz) > I + 4&2 — 5 by the support property. 

Now we deal with the term /. By orthogonality, we may assume /2,/3 has frequency 
support in a ball of size 2 l . 



i<( Y, + E )| E / ■ f2 ■ fsdxdt 

l<-2k 2 -l -2fc 2 <K0 nGA c ^ RxR 

For the term Ij, by Holder's inequality and using a weight, we have 

h< ( su p ii/3ii^ J( su p 11/3IU&) E ii/aii^. 



/1 + /2. 



— 2fc 2 <Z<0 



nGA c 



< E ( SU P E ll^i(^-^(0)^/l|l4 T )(2' /2 ||/3||L r L|)2 fc2 |!/ 2 ||L r L| 
-2fc 2 <K0 n£y4C ji>/+4fc 2 -10 

< e 2-^-' 2 j / 2 2^nii^ii^<2- 2fe nii^iiF V 

-2fc 2 <K0 i=l i=l 

For the term I±, as //, we get from Corollary 13,21 (c) and (12, 2\i that 

h<2 2k3 E 2 ' E \ J (fki,jnfk 2 ,j2,fk 3 ,j3)\ 

K-2fc 2 ji,j2,j'i>0 

< 22fc3 2 / ^^ncii/^ii^^jr^n iifi,^, 

l<-2k 2 ji,j2,33>0 i=l i=l 

since by (|2.2p we may assume j'2 , j'3 > 2&)2 . 

(c) We denote the commutator of Ti, T2 by [T%, T2] = T\Ti — T-£T\. Then the left hand side 
of (|4.5p is dominated by 



Mx[0,T] 



P k (u)P k {dlu)P kl {v)dxdt 



+ 



Kx[0,T] 



P fc (u)[P fc ,P fcl (i;)](^u)da;dt 



=: I + //. 



Using uu xxx = \(u 2 ) xxx — 3(u x ) x and integration by parts, we get 



I< 



Mx[o,r] 



dl({P k {u)f)P kl {v)dxdt 



+ 



< 



Rx[0,T] 

: Ii + h- 



P k {u)P k (u)P kl {dlv)dxdt 



+ 



Kx[0,T] 



s :E (( J p fc (a :c n)) 2 )p fcl ( w )d^ 

P k (u x )P k (u x )P kl (d x v)dxdt 



Then, use (14, 4p to conclude that 

/i+/2<2- 2fc -^ 1 2 3 ^||P fc (n)|| 2 , fc(r) ||P fcl ( W )|| Ffci(T) 

+ 2-^-|^2^||n(«)||| fe(r) ||n i WH^ l( T), 

which suffices for (14.51). 
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To control II, we use the formula 

T([P k ,P kl (v)](d 3 x uM,r) 

= C f T(P kl (d^))(^n) ■ ?(u)(£ - a,r - n) ■ m(£,6Kidr 1; 
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(4.11) 



where 



(c-ei) 3 (x fc (e)-x fc (e-6)) 



|fc-fc'[<4 



By the Parseval's theorem and ()4.4p . we estimate 

II<2- 2k -^2^\\P kl (v)\\ Fki(T) ]T ||P fe ,(«)||^, (T) ,<RHSof 631 

|fc-fc'|<4 

(d) is proved similarly and so we omit the detail. 



□ 



Proposition 4.2. Let T G (0,1] and u G C([-T,T] : H°°) be a solution to (fTl) . Lei 
s > 5/4. TTien we /iaue 

||2 



ll M lli»(T) ~ 



H 



+ 11^11^5/4(7^) II^Hfs(T) 



(4.12) 



Proof. From the definition we have 



u 



2 

lE s (T) 



i^<oK)iii 2 <E su p 22sfe ii^K* 

fe >i^e[-T,T] 



Then we get from (14. 2ft 

2 2sfc ||P fc ( U (t fc ))||2 2 - 2 2sfe ||P fe ( Uo )||| 2 < 2 2sfc 



Rx[0,i fc ] 



i2sfc 



/Kx[0,i fc ] 



+ 2 
=: / + II. 

We further decompose / as follows: 

/<2 2sfc V !/ P k (u)P k (P kl (u) ■ d 3 x u)dxdt 



P k (u)P k (u ■ d 3 u)dxdt 
P k (u)P k (u x ■ d x u)dxdt 



pi{ u )p kl {u)-d 3 x p k2 {u)dxdt 



fcl < fc _10'^x[0A] 

+ 2 2sfc 

fci>fc-9,fe 2 ez + 
:=h + h. 
Using (|4.5p then we get that 

/ 1 <2 2sfc £ 2l fc lP fcl (n)|| Ffci(T) £ ||P fc ^)lli(T) 
fci<fe-10 |fc-Jfc'[<10 

<2 2sfe ||P fc ( U )|| 2 , fc(T) ||n|| Fl/2+(T) , 
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the last inequality comes from Cauchy-Schwarz inequality. 
For I2, using (14.31) and (I4.4h then we get 

h < 2 2sk Yl 2 3fe - 2 - i 1 1 A (^) 1 1 ^ fe m 1 1 (^) 1 1 ^ fel m 1 1 1 1 ^ fc2 m 

|fei-fc 2 |<10 
fci>fc+10 

+ 2 2sk J- 2 3 ^2~l fc — ||P fc ( U )|| Ffc(T) ||P fel ( U )|| Ffci(T) ||P fe2 (u)|| Ffc2(T) 

|fcl-fe|<10 
|fc 2 -fe|<10 

+ 2 2sk 2^2- 2k -*~ l 2 k ^\\P k (u)\\^ 

|fci-fc|<10 
fc 2 <fc-10 

=: h,i + h,2 + ^2,3- 
For J21, since k < ki, by the Cauchy-Schwarz inequality 

|fci-fca|<10 
fci>fc+10 

< 2 ^2-( 1 /2+^| k || Fs(T) || u || Fl+(T) ||p fe(u) || Ffe(T) . 
Similarly as above, we obtain 

/2,2<2 2 * fc |M| F5/4(T) WPk^)\\\ { TY 

and 



|fc'-fc|<lQ 



/ 2 ,3 < 2 sfc 2- 5fc / 2 ||n|| F , (r) ||n|| Fl/2+(T) ||P fc (n)|| Ffe(T) , 

which implies that the summation on k of I is bounded by ||«||j?5/4^ ||u|||i s( - T \. 
For II, using the same method as I and (I4.6p . we have 

E 7/ ^ IMIfV4(t)IM||s(T)- 

fc>l 

Therefore, we complete the proof of the proposition. □ 

Remark 4.3. To get the energy estimates for trilinear term u 2 d x u in (jl.2j) . from (14. 2p . we 
need to control 

V2 4fc | / P fc (n)P fc (n 2 ^)dxdt| < V2 4fc V 1/ P k (u)P k (P kl (u 2 )d x u)dxdt 

fc >! URx[0,t fc ] ' fe>l fe^fe-io'^xt ^] 



+ E 24 " E El/ P fe (n)P fcl (n 2 )P fc2 (^)^ 

1 



fe>l fci>fe-9fc 2 >l ^KxIO^fc] 
In view of the proof of Lemma \4-l\ and Proposition \4-S\ it is not difficult to obtain 

i + HZ Nik 
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using (13.211) . 

Proposition 4.4. Assume s > 2. Let u,v E -^ s (l) solutions to wii/i small initial 

data uq,vq € in i/ie sense of 



H° + \\vo\\h° < e < 1 



T/ien we /iaue 



and 



(4.13) 



\\ u ~ v \\f°(i) ^ Iko - v \\h» + ||«o||if23||n - v \\ L 2. (4.14) 

Proof. We prove first (|4.13p . Since ||iio||i/s + ||wo||_f/ s < e *C 1, we assume from ()5.10j) that 

||«||_F«(1) -C 1, ||n||_p S (i) -C 1 (4-15) 

Let w = u — v, then ui solves the equation 

<9tu> + d^w + c' l d x {d x wd x {u + v)) + c' 2 d x (vd x w + wd x u) 
w(0, x) = wo(x) = uo(x) — vq(x) 

From the linear and bilinear estimates, we obtain 



(4.16) 



IHIj*>(i) ~ \\ w \\eo(i) + \\d x (d x wd x (u + v))\\ N o (1) + \\d x {vdlw + wd 2 x u)\\ N0{1) 
\\d x (d x wd x (u + u))||jvo(i) + \\d x {vd 2 x w + wdlu)\\ N o {1) < ||w|| F o (1) (||n|| Fs{1) + \\v\\ F s {1) ). 

(4.17) 



We now devote to derive the estimate on 

1 2 



I £0(1)' 



From 



<v\r E o (1) - \\w \\ 2 L 2 < J^sup ||to(t fc )|||a 



fe>l 



and (|4,2p . we need to control 

EH**)iii»^E 



k>l 



k>l 



Rx[0,t fe ] 



Pi s (w)P] t (wd^.u)dxdt 



k>l 

+ E 

it>i 

+ E 



Rx[0,t fc ] 



Pk(w)P k {vdlw)dxdt 



Kx[o,t fc ] 



Pk{w)Pk{d x wd 2 u)dxdt 



(4.18) 



fe>l 



Ex[0,t fe ] 



Pk(w)Pk{d x vd 2 w)dxdt 



(4.19) 
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Using (|J3]) and (fO|) . I is bounded by 

E E E 2 " 2fcmM " |fcmin23fc2 ii w iiF fe (i)ikiiF fcl (i)ikiiF fc2 (i) 

fe>l |fc-fci|<5fc 2 <fc-10 

+E E E 2- 2fe --^-2^n W || Ffc(1) i| W || Ffci(1) iin|| Ffc2(1) 

fc>l |fc-Jfc 2 |<5 fei<fc-10 

+ E E E 2-i fc -2^|| W || Ffc(1) ||u;|| Ffci(1) h|| Ffc2(1) 

fc>l |fc-fc 2 |<5 |fc-fci|<5 

+ E E E 2- 2fc --i fc -2^||^||^ (1) ||u,|| Ffci(1) ||n|| Ffc2(1) 
fc>l fc<fci-10 |fei-fc 2 ]<5 

For the first part of (|4.19p , since 2 kmax > 2 k2 , using the Cauchy-Schwarz inequality, we have 

1 /2 

E IMlF fe (l)IMlFi/2+(l)( E 2" m ' 2 ) < |MIj*>(1)IMIf»(1)- 
fc>l fc 2 >0 

For the last term of ()4.19j) . since k + 10 < ki, &2, by the Cauchy-Schwarz inequality we have 

IMIfi+(i) E ^IMkw^lHk^i) < ll^ll|o (1) ||n|| F3(1) . 
fc,fci>i 

For the second and the third parts of (|4.19p . similarly as above we get 

E 2_<5fcl H^llF fcl (l)lkllFO(l)lkllFi+(l) ^ |MIfO(1)IMIf«(1), 
fci>l 

and 

]T J2 2f fc2 || U ;|| Ffci(1) || U ;|| Ffc(1) ||n|| Ffc2(1) < ||HI|«>(i)IMIf.(i). (4.20) 

k>l k-5<k 1 ,k 2 <k+5 

For II, using Lemma 14.11 again. II is dominated by 



2 



E E 2 kl/2 \MF klW \\M 

k>l fci<fc-10 



(4.21) 



+E E E 2^2- 2fe — -^-"ii^ii Ffc (i)ibii Ffel (i)ikii Ffc2(1 ) 

fc>l Ifcx— fe|<5 fe 2 <fc— 10 

+E E E 23fe22 " 2W ~^ rai "ii^iiF fc (i)ii-ii^(i)ii^ii^(i) 

fc>l |fci-fc 2 |<5fc<fci-10 

+ E E E 2 3fc2 2-I fc -||u;|| Fft(1) ||,|| Ffci(1) ||u;|| Ffc2(1) . 

fe>l |fc-fci|<5 |fc-fc 2 |<5 

From the Cauchy-Schwarz inequality, the bound of the first term of (|4.21 j) is easily obtained. 
For the second and third terms of (|4.2ip . since 2 k2 < 2 hl and 2 kl ~ 2 kmax ~ 2 kmed , it is 
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bounded by 

EE E 2- 5fcl 2( 1+ ^2-^-||,|| Ffci(1) || W || Ffc2(1) ||u;|| Fft(1) 

k>l fei>0fc 2 >0 

k>l k 2 >0 
£ Hli«>(i)IM|*"(l)- 

The estimate of the rest term is similar to (|4.20|) . 
Similarly to /, //, we can get 

III + IV < \\w\\f°(i){\\ u \\f*{i) + NIf»(i))- 
Therefore, we obtain the following estimate 

IMl|o(i) i$ \\wo\\h + + ll u l|p*(l))> 

hence, combined with (|4.17j) and (|4.15p we obtain (|4.13p . 

Now we prove (|4.14j) . From the linear and bilinear estimates, we obtain 

\\ w \\f°(i) ^ \\w\\e*(i) + \\d x (d x wd x (u + v))\\ N s (1) + \\d x (vd%w + wd%u)\\ N s(X) 

\\d x (d x wd x {u + v))\\ N s {1) + \\d x (vd 2 w + wd 2 u)\\ N o {1) < |MI.F"(i)(IMIf*(i) + \\v\\ F s {1) ). 

(4.22) 

Since ||P<o(itf)||.Es(i) = ||-P<o(u>o)||l 2 ) it follows from (|4.22|) and (|4.15p that 

IIHI*"(i) i$ IN>||ff« + ||P>iH|| BS (i). (4.23) 
To bound ||P>i(io)||£;»m, we observe that 

ll-F^lHb'(i) = \\P>i( ASw )\\e°(i), 

where A s is the Fourier multiplier operator with the symbol |£| s . Thus we apply the operator 
A s on both side of the (|4.16p and get 

d t A s w + d x A s w = - cik s wdlu + -ciA s vd%w 

— c 2 A s d x wd 2 u H — c 2 A s d x vd 2 w. 

We rewrite the nonlinearity in the following way: 

c\ [A s ,w]d x u + ciwA s dlu + ci[A s ,v]dlw + civA s d x w 

c 2 [A s , d x w]dlu + c 2 d x wA s d 2 x u + c 2 [A s , d x v]d 2 x w + c 2 d x vA s d 2 x w. 

We write the equation for U = P>-\q(A s w) in the form 

\d t U + d 5 x U = iV-io(-ciuSg) + P>- W (-c 2 d x vd 2 U) + P>-io(G) + P>-io(#) 

(4.24) 



(U(0) = P>^ w (A s w ) 
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where 



G = — c 1 P>_i (w)A s ^ J P<_ 11 (i i ;) - ciP<_ii(i;)A 8 flgP<_ii(ti;) 
- ci [A s ,w]d x u - ci[A s ,v]dlw - ciwA s d x u, 



and 



H = — c 2 P>- W (d x v)A s d 2 x P<^n(w) - caP<-ii(MA'#P<-ii(«0 
— C2[A S , d x w]d x u — C2[A S , d x v]d x w — C2d x wA s d x u. 

It follows from (JOJ and $J2M that 

nilom - WwoWh <J2\f P k (U)P k (vd 3 x U)dxdt 
fc > 1 1 JRx[0,t k ] 

+ J2\ ! P k (U)P k (G)dxdt 

1 ^Kx[0,t fe ] 

+ V| / p k (u)p k (d x vd 2 x u)dxdt 

fc > 1 1 iRx[0,t fe ] 
+ V| / P k (U)P k (H)dxdt 



fc > 1 1 JMx[0A] 

I + 11 + III + IV. 



First, consider / and III. We can bound I, III as in (|4.18p and get that 

I + III<\\U\\ 2 F0{1) \\v\\ F s (1) . 

For II, we estimate 

fc > 1 1 iRx[0,t fe ] 

+ V| / P k (U)P k ([A s ,w]d 3 x u)dxdt 
+ V I / P fc (C/)P fc ([A s , u]^w)ctetft 

fc > 1 1 JRx[0,t k ] 

+ V| / P k {U)P k {wA s dlu)dxdt 



fe>l 
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For since the derivatives fall on the law frequency, we get 

n ±< E E 2 ' 2kmax -^ii^kwii^ikwiiA^ii^d) 

|fc-fci|<5fc><fc-10 

+ E E 2 ^" |fc -ni^(i)iiHiF fcl (i)iiA^ii Ffc2(1) 

|fc-fc 2 |<5A;i<fc-10 

+ E E 2 ' 2kmax "^nkwl^lkwll^lkd) 

|fcl-fe2|<5fc<fc2-10 

+ E E 2_5fcm " niF fc (i)lbllF ftl (i)l|A^llF fc2 (i) 

|fc-fei|<5 |fc-fc 2 |<5 

^ II^IIfo^II^IIf^i), 

which comes from Lemma l4.1l and the Cauchy-Schwarz inequality. 
We consider now U4. Using Lemma 14.11 again. 



7/ 4<V V 1/ P k (U)P kl (w)A s d 3 x P k2 (u)dxdt 



fc>l fei,fc 2 >0 

s E E 2 ~ 2fcmaa; " |femin 2(s+3)fc2 ii^^ii^(i)ii^iHiiF &1 (i)ii^ 2 («)ii^ 2 (i) 

|fc-fc 2 |<5fci<fc-10 
|fc-fei|<5fe 2 <fc-10 

+ E E 2"^"^2(^||^tr|| ft{1) ||^H|| J ^ (1) ||^(«)|| Jii9(1) 

fei-fc 2 |<5fc<fc_10 

+ E E ^^z^^iiA^lkwII^HIIj^wll^Mll^w. 

|fc-fei|<5 |fc-fc 2 |<5 

For the first term above, since 2~ 2hma "-? kmin 2^ 3+s 1 k2 < 2( 1+s+s ) k2 2- Sk2 / 2 2- 5k ^2-^ kl , we have 
the bound 

l|f||l«>(l)ll«'||jro( 1 )||tt|| i; .a.( 1 ). 

Otherwise, as 2 k2 < 2 fel implies 

2-2kmax-^k miri 2(s+s)k2 < 2 sfc i2 5fc2 / 4 2 _fcmaa://4 (4 25) 

or 

2—jkmax 2(s+3)fc 2 < 2 sfc i2 5 / 4fc2 (4 26) 

the last terms above are bounded by 

\\U\\ 2 F o {1) \\u\\ F s {1) . 
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(14,251) and (I4.26D are similarly used in later inequality repeatedly. For 11%, we estimate 

/J 3<^ V 1/ P k (U)P k ([A s ,P kl (v)]d 3 x P k2 (w))dxdt 
k>lk 1 <k a -10 U **t°> t '>l 

+ E E I / P k (U)P k ([A s ,P kl (v)]d 3 x P k2 (w))dxdt 

k > lkl > k2 .g ] J^[0,t k ] 
= : 7/3,1+1/3,2. 

We note that in the term Z/3,2 the component v can spare derivative and from a similar way 
to II4 we get 

Ih,2<Yl E 1/ A s P k (U)P kl (v)d 3 x P k2 (w)dxdt 

+E E I / ^(co^iMA'^^Hctetft 

fc>l* 1 >fc a -9 l - / *x[0,t fc ] 

< II^IIf°(i) 11^11^(1)' 

where we used 2 kl ~ 2 fc ~ 2 fcma:E and a similar argument to (|4.25|) . 

For //3,i, we need to exploit the cancellation of the commutator. By taking 7 and extending 
U,v,w as in the proof of Lemma 14.14 then we get 

^3,1 <E E El/ (7(2 2fc3 t-n)l [0 , fc ](t)P fc (C/)) 

fc>l fci<fc 2 -10 |n|<2 2fe 3 jRx l°' t k] 

x P fe ([A s ,P fcl ( 7 (2 2fc ^ - n)v)}d 3 x P k2 ( 7 (2 2k H - n)w))dxdt . 

Let f k = ~/(2 2k H - n)P k (U), g kl = i\( 7 (2 2fc3 t - n)v) and h k2 = P k2 (j(2 2k H - n)w)). It is 
easy to see from |&2 — k\ < 5 that 

|jr([A^JdX)(M| < / Ig^-^r-n^^lh^nMidru 

which follows similarly to (|4.1ip . Then using the same argument in the proof of Lemma I4.lt 
we can get that 

J/ 3,i < E E 2 3fc i2 s ^2- 2fc — -^"11^11^(1)11^ («)llF fcl (l)II^HIlF fc2 (l) 
k>\ fei<fc 2 -10 

~ II^IIf°(i)IMIf s (i)- 

from a similar way to (|4.25p . 

The II2 is identical to the one of II3 from symmetry. 

So, we now need to control IV, but controlling IV is similar and easier than // since deriva- 
tives are distributed. 
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Hence we have proved that 

ll^llio(l) ~ ll w o||/P + l|t / ll|o(i)(|h||F"(l) + IMIi^(l)) + II^IIf°(1)IMIf°(1)IMIf2<>(1)- 

By (14151) and (14131) . we get 

^ IK ~ Vo\\h° + \\UQ - V \\ L !»\\uq\\ H 2s, 

from which combined with (|4.24p we completes the proof of the proposition. □ 

5. Proof of Theorem 11.11 

In this section, we prove Theorem 1 1.11 The main ingredients are L 2 — convolution estimates 
which is proved in section [3] and energy estimates obtained in section |U The basic idea follows 
the idea of Ionescu, Kenig and Tataru [11] and for the weighted norm, we refer to Guo, 
Peng, Wang and Wang [9]. 

Proposition 5.1. Let s > 0, T G (0, 1], and u G F S (T), then 

sup \\u(t)\\ H s < \\u\\ F s {T) (5.1) 
te[-T,T] 

Proposition 5.2. Let T G (0, 1], u,v G C([-T,T] : H°°) and 

d t u + dlu = v onRx (-T, T) (5.2) 

Then we have 

\\ u \\f s {T) ^ IMl£ s (T) + IMU S (T)> ( 5 -3) 

for any s > 0. 

The proof of the Proposition 15. II and 15.21 are similar to |llj and [9]. For self-containedness, 
we give the proof in Appendix. 

Now, we show the local well-posedness of (jl.ip by using the classical energy method. From 
Duhamel's principle, we get that the equation (jl.ip is equivalent to the following integral 
equation, 

u(t) = W(t)u + [ W(t- s)v(s)ds, (5.4) 



where v(t, x) = c\d x ud 2 u + C2ud^.u. 

We will work on the following localized version, 

u(t) = T]o(t)W{t)u + rj (t) [ W(t - s)v{s)ds. (5.5) 

Jo 

Then we see that if u is a solution to (|5.5p on R, then u solves (I5.4p on [—1, 1]. 
By the scaling invariance: 

u\(t, x) = \~ 2 u(j^, j), (5.6) 
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and observing s c = — |, we may assume that 

\\uo\\h* < e < 1. (5.7) 
For part (a) of Theorem 11.11 we assume that s > | . 

We already know from [19] that there is a smooth solution to the (jl.lf) with no G .ff 00 . So, 
we show a priori bound: if T € (0, 1] and u E C([— T,T] : iJ°°) is a solution of (jl.ip with 
1 1 t*o ll-f/ s < 6 *C 1, then 

sup \\u(t)\\ H s < \\u \\h s - (5.8) 

te[-T,T] 

It comes from the linear estimate (Proposition 15.21) . the L 2 estimate (Proposition 13.81 (a)) 
and the energy estimate (Proposition 14.21) . More precisely, for any T' £ [0, T] we have 

IMIf s (T') ~ IMU S (T') + \\dx( u2 )\\N s (T>) + ll n ^ w IU s (T'); 

ll^x(« 2 )IU s (T') + \\udx u \\N»(T') ^ II^III^T')! ( 5 - 9 ) 



II 



Let X(T') = \\u\\e^(t') + II ^C^ 2 ) II iV s (T') + || u ^ u )||iV(T')- F^ 0111 similar argument as in the 
proof of Lemma 4.2 in [TT], we know that X(T') is continuous, increasing on [— T, T] and 
satisfies 

T'— s-0 

Moreover, we obtain from (15. 9p that 

*(r') 2 < + x(r') 3 + x(r') 4 . 

If e is small enough, then using bootstrap (see [22]), X(T') < ||uo||h s can be obtained by 
(I5.7p . Hence we obtain 

II^IIf-(t') ^ IMI/p, (5.io) 

which implies f)5.8f) by Proposition 15.11 



For part (b), we now assume s > 2 so that we use Proposition 13.81 (b) and Proposition! 
In order to obtain a solution in H s , we use compactness argument which follows the ideas 
in [TT]. Fix uq € H s . Then we can choose {ito,n}^i C such that «o,n — > uq in H s as 
n — > oo. Let u n (t) G H°° is a solution to (II. ip with initial data uo,n- Then it suffices to 
show that the sequence {u n } is a Cauchy sequence in C([— T,T] : il s ). For if G Z+, let 
u o^n = P<K(uo, n )- Then since 

sup ||u m -u n \\ H s < sup ||u m + sup \\u^-u^\\ H s + sup ||u^-ti n ||fr«, 
te[-T,T] te[-T,T] te[-T,T] te[-T,T] 

it suffices to show that for any e > and if, we have 

sup 1 1 ti n — u^\\h s < £/3 and sup ||it^ — ||#« < e/3, (5-H) 
te[-T,T] fe[-T,T] 
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for sufficiently large n, m. 

First, choose large K such that \\uq — Uq\\h s < Then since Uq u — > Uq in H s for any 

K, we get 

sup \\v£-v£\\h' < \\Um-V%\\F'(T) 
te[-T,T] 

<< II K K ii ii K ii ii K K II 

~ |Po,m - u 0,J|H s + IK,nlltf 2s ll u 0,m ~ u 0,Jlz 2 

£ llw^m-^llH* + ll«Sn -«o"Hh«, 

for large m, n and by Proposition 15. II and 14.41 And this gives the second part of (|5.11j) . 
From same argument to above and \\uo, n — uo\\h 3 — > for large n, we get the first part of 
(15. lip . Hence, we complete the existence of a solution. The uniqueness of the solution and 
the last part of Theorem 11.11 comes from the classical energy method, the scaling (|5.6p . and 
Proposition 15.11 We omit the detail. 

Appendix A. 

In appendix, we collect proofs of Proposition 15.11 and Proposition 15.21 for convenience of 
readers. Similar proofs are found in [TTj 171 19]. 



Proof of Proposition I5.il 

We use extended formula u k instead of u as in proof of Proposition 13.81 First, our observation 
is that, 

sup \\u{t)\\ 2 HS «^2 2sfc sup ||^Mi fc )]||i2 (K) 
te[-T,T] fc>0 t k e[-T,T] 



and 



\u(t)\\% {T) ^J2 22Sk SU P WnM2 h (t-t k ))u k )]f Xk 
t k e[-T,T] 



(A.l) 
(A.2) 



fc>0 



From comparing (fO) and (|AT2]1 . it is enough to prove that 

\\?x[Zk{tk)]\\v*(B) ^ \\F[ilo(1 k (t-t k ))u k ) 



(A.3) 



for k € Z+, tfc S [— T,T] and u k £ which is an extension of u k . (Precise explanation of 
an extension will be mentioned in the proof of Proposition 15.21 later.) 
Let fk = J 7 [r/o(2 fc (t — tk))u k )], then we have 



•F*[«*(tfc)](£) = c / f k {T,i)e^ T dr. 



From (|2.4h . we have 



l-^K(*Jfc)]llz| i$ 



f k (r,Oe itkT dT 



i 2 



^5 1 1 fk 1 1 j 
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which implies completion of (1A.3I) and completes the proof of the Proposition 15.11 

□ 

Proof of Proposition 1 5. ,21 

To prove this proposition, we see from the definitions that the square of the right-hand side 
of (|5.3p as following, 



|P<o(u(0))||| 2 + \\P<o(v))f NQ{T) ^p 2^ k \\P k {u(t k ))f L2 + 2 2sk \\P k {v)\\ 2 Nk(T) } . 



Thus, from definitions, it is enough to prove that 

\P< Q {u)\\ Fo{T) < ||P<oKO))|| L2 + \\P< (v))\\ No{T y, 

\Pk{u)\\ Fk (T) < sup \\Pk(u(t k ))\\ L 2 + \\P k (v))\\ Nk{T) 
t k e[-T,T] 

for k£Z + and u, v G C([-T, T] : H°°) which solve (IO> . 
Step 1 : Extension of P k {u). 

Fix k > and v denote an extension of P k (v) such that ||u||jv fe < C\\v\ 



if k > 1. 



(A.4) 



jv*(t)- 



In view of (12.5 



we may assume that v is supported in 
9(t) be a smooth function such that 



-T - 2~ 2fc - 10 , T + 2- 2A; - 10 ]. More precisely, let 



6(t) = 1, if t > 1; 0(t) = 0, if t < 0. 

Let m fc (t) = 6{2 2k+10 (t + T + 2- 2k - 10 ))6(-2 2k+10 {t -T- 2- 2k - 10 )). Then m k G 5 fc and we 
see that m k is supported in [— T — 2~ 2fe ~ 10 , T + 2~ 2fe_10 ] and equal to 1 in [— T, T]. From 
(I2.5p . we consider v instead of m k (t)v. We define for t >T, 

u(t) = r, (2 2k+5 (t - T)) W(t - T)P k (u(T)) + y* W(i - S )P fc (^( S ))d S , 
and for t < — T, 



VF(t + T)P fe (u(-T))+ / W(t-s)A(v(s))<fc 



S(t) = r/ (2^ +& (t + T)) 

For i 6 [— T, T], we define = u(i). It is obvious that u is an extension of u and we get 
from definitions of F k (T) and F k that 



IMk(T)< sup ||J-[u-r ?0 (2 2fe (t-^))]|U fc . 

«fe£[-T,T] 

Indeed, in view of the definition of F k , we can get (|A.5p if the followig holds. 



sup r/o(2^(t -t fc ))]||x* < sup ||^[« • m {2 Zk {t - t k ))\ \\ Xk . 

t k m t k e[-T,T] 

For t k > T, since u is supported in [— T — 2 -2fc ~ 5 , T + 2 _2fc_5 ], we can see that 
u V0 (2 2k (t - t k )) = u m {2 2k {t - T)) m {2 2k (t - t k )). 



(A.5) 



(A.6) 
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And we get from (12. 3p that 



sup\\T[u- m (2 2k (t-t k ))]\\ Xk < sup \\T[u-rj (2 2k (t-t k 
tk>T tk e[-T,T] 

Using the same method for t k < —T, then we obtain (|A.5|) . 



■^it- 



Step 2 : Linear estimates 

For fixed k > 0. In view of the definitions, (lAToTl and (|2~3]L it is enough to prove that if 
4> k € L 2 with (f) k supported in I k , and v k G N k with time support in an interval I (\I\<2 2k ), 
then 

\\F[u k ■ VoC2 2k t)]\\ Xk < UkWiP + \\(r~ w(0 + i2 2k )- 1 T(v k )\\ x 

where 



k > 



u k (t)=W{t)4> k + ( W{t- s)v k (s)ds. 
Jo 

Then from the properties of Fourier transform, direct computations show that 
F[u k - m (2 2k t)}(r^) = FM(OHe ltw{0 M2 2k t)}(r) 

+ C [ T( Vk m T >f^- 2 ^ - = MVQ)(2-^r - W(m 



(A.7) 
(A.8) 



(A.9) 



i2 2k {r' 

More precisely, for second part of (|A.9p . consider r]o(t) instead of 7/o(2 2fc i). Then we have 



7] (t) I W(t - s)u{s)ds 
o 



Tt 



Jo 



JR 



Since 



we obtain that 



^(l[o,t])(r) 



-itr 



-IT 



T 



Vo{t) I W(t - s)u{s)ds 
o 



no(ty tw ^ / fi(r',£)— - T^r-dr' 

e-^rj (t)e ltw ^u(r',0^-7-, TTW^dr'dt 

2 i(t' — w(4Jj 

u(t ,£) T7-, 7-tt dr . 

^(r / - w(£)) 

Because of J" t (/(Ai))(r) = A- 1 J r t (/(t))(A- 1 r), we get the second part of (TA~9l) . 
We consider that the right-hand side of (|A.9|) separately. 
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Lemma A.l. Let 4> k £ L 2 with <p k supported in I k . Then, for any k € Z+, we have 



||^[r ?o (2 2fc t)Ty(t)0 fc ]|| xfc <||0 fc || i2 . 



(A.10) 



Proof. Since 



\\TM2 2k t)W(t)0 k ]\\ xk =^2^.|| % ( r _^( e)) 7- t [ e ^(O r?o(2 2^ )]J - x( ^ )(0 || L? ^ 



we need to show that 



(A.11) 



^2^^ J .|| r7 .( r - U ;( O )^ [e ^(O r?0 (2^t)]|| L? < 1. 
j>0 

Since 770 is a Schwartz function, which decays faster than any polynomial, we can get (|A.11|) . 
which makes Lemma lA.ll to be true. □ 



Lemma A. 2. Let v k E N k . Then, for any k G Z+, 

ft 

< \\t„ „.jc\ 1 „-o2fc\-l 



^{2 2k t)W{t-s)v k {s)ds 







(r-«;(0 + i2 2fc )- 1 ^(t; fc )|| 



(A.12) 



Proof. Consider the second part of (|A.9p . From the oscillatory integrals for the smooth 
functions, we observe that 

T t [ m (2- 2k (r - r'))] - T t [ m {2- 2k {r - «,(£)))] 



(r'-w(0 + 2 2k ) 



2 2k (r> -w{£)) 

< 2- 2k (l + 2- 2k \r - r'|)- 4 + 2" 2fc (l + 2- 2k \r - w(£)l)~ 4 - 
So, let v k = (t — w(£) + i2 2k )~ 1 F{v k ). Then we need to show that 

V2^% V 3 (r-w(0) [ ^(e,r')2- 2fc (l + 2" 2fc |T-r'|)-W < 



i>o 



L 2 



Nk (A.13) 



and 



L 2 



%(r-^)) / ^(^r / )2- 2fc (l + 2- 2fe |r- U ;(e)|)-W < |MU fe . (A.14) 

For (|A.14p . we observe that 

Vj(r-w(0) [ v k (H,T')2- 2k (l + 2- 2k \T- W (0\r A dT> 
Jr 

<h j {r-w{i))2- 2k {l + 2- 2k \r-w{i)\)- A \\ Ll I v k ^r')dr 

Jr 

Since 2" 2fc (l + 2~ 2fc [r - u>(6l)~ 4 decays faster than /3 fcJ (l + |r - w(^)\ 2 ) 1/4 , we have 

£ ^jI^-Ct - w(0)2- 2k (l + 2- 2k \r - w(t)\y A \\Ll S L 
i>o 
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So, we can say from (12. 4p that (1A.14P is true. 

For ([ATT31) . assume that fc > 1. Then, for j < 2k, since (3 k ,j ~ 1, we have from Cauchy- 
Schwarz inequality and (|2.4p that 



^ 2^/^.11^ f v k (tr')2- 2k (l + 2- 2k \T-T'\)-Ur' 

j<2k JR 



L 2 



< 2 2fc / 2 



V<2k(r-w(0) [ v k (C,T')2- 2k (l + 2~ 2k \T-T'\)- A dr' 

JR 



L 2 



For 2k < j < 5k, we also have f3 k ,j ~ 1- Thus, we have from (12. 4h that 



Y, E 2i/2 |k( T -™(0) / e*ji(e,T / )2- a *(i+2 



r-r'irV 



2k<j<5k ji>0 

< ^ ^ 2 J, 2 6fc_4max ^' J1 ^ 

2k<j<5k ji>0 

For the rest term (j > 5/j), similarly as before, we get 



Il^/C ll^fc ■ 



L 2 



^ Y 2j/2 ^j\\vj(r-w(0) [ v k>J1 (C,r')2- 2k (l + 2~ 2k \r - r'\r 4 dr' 
~ E E 2J2(- ? '- 5fc )/ 8 2 6fc - 4max ^ 1 )|| / ^(^OdT 7 



5fe<iJi>0 



L 2 



^ IKIIx fc - 



5fe<jii>0 

Now consider A; = 0. In this case, we can easily derive than k > 1 case. Similarly as before, 
we have 



J2J2 2j/2 ^\k(T-w(0) [ ^yxi+ir-r'i)- 4 ^' 



i>Oii>o 

< ^ ^ 2 3 J/ 2 2- 4max (^' 1 ) 

J>0ji>0 

Hence, we proved Lemma IA.2I completely. 



L 2 



^ Ikolko- 



Combining (jA.lOp and ()A.12p completes the proof of Propostion 15.21 
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